Abstract Let C be a self-dual spherical fusion categories of rank 4 with non-trivial grading. We complete the classification of Grothendieck ring K(C) of C; that is, we prove that
Introduction
Throughout this paper we shall work over an algebraically closed field k of characteristic zero. A fusion category over k is a k-linear semisimple rigid tensor category with finitely many isomorphism classes of simple objects, finite-dimensional spaces of morphisms and such that the unit object 1 is simple. Fusion categories arise from many areas of mathematics and physics, including representation theory of semisimple Hopf algebras and quantum groups [1] , vertex operator algebras [5] and topological quantum field theory [21] .
The systematic work of classifying fusion categories of small rank dates back to Ostrik's work [17] . In that paper Ostrik classified all fusion categories of rank 2. We recall that the rank of a fusion category is the number of isomorphism classes of its simple objects. About ten years later, Ostrik completed the classification of (pivotal) fusion categories of rank 3 [19] . The classification of all fusion categories of rank greater than 3 seems very difficult at the moment, only some fusion categories with additional structures were classified, see [2, 3, 13, 20] .
Let C be a fusion category of rank 4. Then either exactly two simple objects are self-dual, or all four simple objects are self-dual. In [13] , Larson studied fusion categories of rank 4 with exactly two self-dual simple objects, and gave some partial classification results. But the later case still remains open. In this paper, we study the later case and classify the Grothendieck ring of these fusion categories under the assumption that they admit non-trivial grading.
Let Fib be a Fibonacci category, Vec ω Z2 be a pointed fusion category of rank 2, where ω ∈ H 3 (Z 2 , k * ) = Z 2 . Let Fib ⊠ Vec ω Z2 be the Deligne's tensor product of Fib and Vec ω Z2 . Then Fib ⊠ Vec ω Z2 is a self-dual fusion category of rank 4. Here, a fusion category is called self-dual if its all simple objects are self-dual. In addition, Fib ⊠ Vec ω Z2 has non-trivial universal grading; more precisely, the universal grading group U(Fib ⊠ Vec ω Z2 ) of Fib ⊠ Vec ω Z2 is Z 2 . Our main result is that the Grothendieck ring K(Fib ⊠ Vec ω Z2 ) is "unique" in the sense that the Grothendieck ring of any self-dual spherical fusion category of rank 4 with non-trivial grading is isomorphic to K(Fib ⊠ Vec ω Z2 ). In particular, if the fusion category considered is braided then it is equivalent to Fib ⊠ Vec ω Z2 as fusion categories. This paper is organized as follows. In Section 2, we give some basic definitions and results used throughout and recall Ostrik's classification result on rank 2 fusion categories.
In Section 3, we study self-dual fusion categories C of rank 4 which admit non-trivial grading. We determine their universal grading groups, fusion rules and Frobenius-Perron (FP) dimensions of their simple objects. We obtain that the Grothendieck ring K(C) of C has two possible structures: F ib ⊗ Z[Z 2 ] or K 12 , where F ib is the Fibonacci fusion ring, Z[Z 2 ] is the group ring on Z 2 , and K 12 is a new fusion ring. In particular, if the fusion category considered has the Grothendieck ring K 12 then it can not admit a structure of a braided fusion category.
In Section 4, we assume that the fusion categories considered are spherical. We compute the images of simple objects under the functors F : Z(C) → C and I : C → Z(C), where C is a self-dual fusion category of rank 4 with non-trivial universal grading, Z(C) is the Drinfeld center of C, F is the forgetful functor and I is its right adjoint. We then use these data to prove that the Grothendieck ring of C is isomorphic to F ib ⊗ Z[Z 2 ]. Moreover, if C is braided then it is equivalent to Fib ⊠ Vec ω Z2 as fusion categories.
Preliminaries and Examples

Frobenius-Perron dimension
Let C be a fusion category and let K(C) be the Grothendieck ring of C. Then the set Irr(C) of isomorphism classes of simple objects in C is the Z + basis of K(C). The FP dimension FPdim(X) of X ∈ Irr(C) is the largest eigenvalue of the matrix of left multiplication by the class of X in K(C). By the Frobenius-Perron Theorem FPdim(X) is a positive real number. Moreover this dimension extends to a ring homomorphism FPdim : K(C) → R [9, Theorem 8.6]. The FP dimension of C is the number
A simple object X is called invertible if FPdim(X) = 1. A fusion category is called pointed if every simple object is invertible. Let C pt be the fusion subcategory generated by all invertible simple objects of a fusion category C. Then C pt is the largest pointed fusion subcategory of C.
Fusion rules
Let X ∈ Irr(C) and Y be an arbitrary object of C. The multiplicity of X in Y is defined to be the number [X, Y ] = dim Hom C (X, Y ). So we have
Let G(C) denote the set of isomorphism classes of invertible simple objects of C. Then G(C) is a group with multiplication given by tensor product. The group G(C) acts on the set Irr(C) by left tensor multiplication. Let G[X] be the stabilizer of X ∈ Irr(C) under this action of G(C). If g ∈ G(C) and X, Y ∈ Irr(C) then
In particular,
Thus, for all X ∈ Irr(C), we have a relation
In particular, 1 ∈ X ⊗ X if and only if X is self-dual.
Group extension of a fusion category
Let G be a finite group. A fusion category C is said to have a G-grading if C has a direct sum of full abelian subcategories
If this is the case C is called a G-extension of the trivial component C e . By [9, Proposition 8.20 ], if C = ⊕ g∈G C g is a faithful grading then, for all g, h ∈ G, we have
It is known that every fusion category C has a canonical faithful grading C = ⊕ g∈U (C) C g with trivial component C e = C ad , where C ad is the adjoint subcategory of C generated by simple objects in X ⊗ X * for all X ∈ Irr(C). This grading is called the universal grading of C, and U(C) is called the universal grading group of C, see [11] .
Braided fusion categories
A braided fusion category C is a fusion category admitting a braiding c, where the braiding is a family of natural isomorphisms: c X,Y :X ⊗ Y → Y ⊗ X satisfying the hexagon axioms for all X, Y ∈ C, see [12] . Let D be a fusion subcategory of a braided fusion category C. Then the Müger centralizer
where c stands for the braiding of C. The Müger center Z 2 (C) of C is the Müger centralizer C ′ of C. The fusion category C is called non-degenerate if its Müger center Z 2 (C) = Vec is trivial. A braided fusion category is called premodular if it admits a spherical structure. For the definition of spherical structure of a fusion category, the reader is directed to [9] . A modular category is a non-degenerate premodular category.
Deligne products of rank 2 fusion categories
In this subsection, we give some examples of self-dual fusion categories of rank 4. First we recall the Deligne's tensor product from [4, Proposition 5.13] . Let C and D be two fusion categories. The Deligne's tensor product C ⊠ D is a fusion category with simple objects X ⊠ Y , where
The morphisms in C ⊠ D are defined in an obvious way.
Let C be a fusion category of rank 2. Write Irr(C) = {1, X}. Then the fusion rules of C are determined by a non-negative integer n:
Let K n denote the Grothendieck ring corresponding to the number n. The main result of [17] shows that only K 0 and K 1 are categorifiable. Specifically, there exists a pointed fusion category Vec
and there exists a
Fibonacci category Fib such that K(Fib) = K 1 . A Fibonacci category is a rank 2 modular category of FP dimension
2 . It is known that Fibonacci categories fall into 2 equivalence classes and both of them can be realized using the quantum group U q (sl 2 ) for q = 10 √ 1, see [17] . The fusion ring K 1 is called the Fibonacci (Yang-Lee) fusion ring and we denote it by F ib. It is obvious that K 0 is the group ring Z(Z 2 ) over Z 2 .
Let A and B be two fusion categories of rank 2 with Irr(A) = {1 A , A} and Irr(B) = {1 B , B}. Then A ⊠ B is a self-dual fusion category with
Then C fits into three classes of fusion categories:
(1) A and B are both pointed. In this case, C has the fusion rules:
The FP dimensions of X, Y, Z are all equal to 1. In this case,
, where ⊗ are usual tensor product (over Z) of rings.
(2) A is not pointed and B is pointed. In this case, C has the fusion rules:
The FP dimensions of X, Y, Z are:
In this case, K(C) is the ring F ib ⊗ Z(Z 2 ).
(3) A and B are not pointed. In this case, C has the fusion rules:
In this case, K(C) is the ring F ib ⊗ F ib.
Proposition 2.1 Let C be the Deligne product of 2 fusion categories of rank 2. Then C admits a structure of a braided category.
Proof It is obvious that a pointed fusion category of rank 2 admits a structure of a braided category. For example, the category Rep(Z 2 ) of finite-dimensional representations of Z 2 is braided with the standard braiding. On the other hand, a non-pointed fusion category of rankLemma 3.1 Let C be a self-dual fusion category. Then the universal grading group U(C) is an elementary Abelian 2-group.
Proof Let e be the unit element of U(C). It is clear that the unit object 1 is contained in C e = C ad . Let X be a simple object in some component
means that 1 is also contained in C g 2 . Hence we get C g 2 = C e , which means that g 2 = e. This proves that the order of any element of U(C) is 1 or 2. Hence U(C) is an elementary Abelian 2-group.
Lemma 3.2 Let C be a self-dual fusion category. Then G(C) is an elementary Abelian 2-group.
Proof Let 1 = X be an invertible object of C. Since X is self-dual, we have X ⊗X = X ⊗X * =
1. So every non-trivial element of G(C) has order 1 or 2.
Let C be a self-dual fusion category of rank 4. Lemma 3.1 shows that the order of U(C) is 1, 2 or 4. In particular, if |U(C)| = 4 then C is pointed. Since pointed fusion categories have been classified in [18] , we only consider non-pointed fusion category in the rest of our paper. Theorem 3.3 Let C be a self-dual fusion category of rank 4. If C has non-trivial universal grading then the universal grading group U(C) has order 2 and C has the following fusion rules.
(1) Irr(C 0 ) = {1, X}, Irr(C 1 ) = {Y, Z}, and C has the fusion rules:
where FPdim(X) = FPdim(Z) =
= {Z}, and C has the fusion rules:
where FPdim(X) = 1, FPdim(Y ) = 2, FPdim(Z) = √ 6. In this case we denote K(C) by K 12 .
Proof Since we have assumed that C is not pointed and has non-trivial universal grading, the order of U(C) is 2. Let C = C 0 ⊕ C 1 be the corresponding universal grading. The ranks of C 0 and C 1 have two possibilities:
Case ( 
We may reorder Y and Z such that FPdim(Y ) ≤ FPdim(Z). This implies that a ≤ b. Since X ⊗ Z, Y ⊗ Z ∈ C 1 , we have equations (a, b ∈ Z + ): Let X be an object of a fusion category C. We use X C to denote the fusion subcategory generated by X.
Corollary 3.4 Let C be a self-dual fusion category of rank 4. If C has the Grothendieck ring K 12 then it can not admit a structure of braided fusion category.
Proof We notice that C is not symmetric since it is not integral. Keep the notations as in Theorem 3.3. Under our assumption,
are all non-trivial fusion subcategory of C. In particular, FPdim(D 1 ) = 2 and FPdim(D 2 ) = 6.
We first show that C is not a modular category. Suppose on the contrary that C is modular. We notices that the FP dimension of C is 12. By [3, Theorem 1.2 and Theorem 3.1], C is equivalent to a metaplectic modular category. By the description in that paper (see the definition of a metaplectic modular category in [3, Section 1]), C should have two invertible objects, two √ 3 -dimensional simple objects and one 2-dimensional simple objects. This contradicts Theorem 3.3 (2). Now we suppose that C is braided. Since C is not modular, the Müger center Z 2 (C) is a non-trivial symmetric fusion category. In addition, Z 2 (C) is equivalent to D 1 or D 2 because D 1 and D 2 are all non-trivial fusion subcategory of C. The fusion rules show that
Hence we get that the fusion subcategory D 1 is not equivalent to the category of super vector spaces [14, Lemma 5.4] . This implies that the Müger center Z 2 (C) must be a Tannakian subcategory. That is, Z 2 (C) is equivalent to the representation category Rep(G) of a finite group G as a symmetric fusion category. It follows that we can form the de-equivariantization , we get that FPdim(C G ) = 6 or 2. In both cases, C G is a pointed fusion category [7, Corollary 3.3] . It follows that C is a group-theoretical fusion category, by [16, Theorem 7.2] . So C should be an integral fusion category [9, Corollary 8.43] ; that is, the FP dimension of any simple object of C is an integer. This is a contradiction since FPdim(Z) = √ 6. This completes the proof.
Uniqueness of the Grothendieck ring K(C)
In this section, we will use Müger's induction functor to the Drinfeld center Z(C) to show that there do not exist rank 4 spherical fusion categories C with K(C) = K 12 .
Let C be a fusion category with Irr(C) = {1 = X 0 , X 1 , · · · , X n−1 }. Let N i be the matrix of left multiplication by X i in the Grothendieck ring K(C) of C. The formal codegrees of C are the eigenvalues of the matrix N = n−1 i=0 N i N * i . Let Z(C) be the Drinfeld center of a fusion category of C. We use F : Z(C) → C and I : C → Z(C) to denote the forgetful functor and its right adjoint.
A balancing isomorphism, or a twist, on a braided category C is a natural automorphism θ : id C → id C satisfying θ 1 = id 1 and θ X⊗Y = (θ X ⊗ θ Y )c Y,X c X,Y . Let X be a simple object of C. Then θ X is a scalar in k. In particular, any modular category is equipped with a balancing isomorphism θ such that θ X is a root of unity for any simple object X [22] .
Proposition 4.1 Let C be a spherical self-dual fusion category of rank 4. Suppose that C has the Grothendieck ring
and
where
(2) The simple objects 1,
are all the non-isomorphic simple objects in Z(C).
Proof As in Theorem 3.3, we write
(1) Since K(C) is commutative, it has four 1-dimensional irreducible representations. It follows from [19, Theorem 2.13 ] that the object I(1) is a sum of 4 simple objects and every object has multiplicity 1 by [19, Example 2.18] . It is well knows that I(1) is an algebra in Z(C), and hence 1 is a summand of I(1). So we can write 
Because θ V is a root of unity for any simple object V in Z(C), we must have
By [9, Proposition 5.4], we have
So we must have
Again by [9, Proposition 5.4], we have
Since I and F are adjoint, we have dim Hom(I(1), I(X)) = dim Hom(F (I(1)), X) = 2, dim Hom(B, I(X)) = dim Hom(F (B), X) = 1, dim Hom(C, I(X)) = dim Hom(F (C), X) = 1, dim Hom(I(X), I(X)) = dim Hom(F (I(X)), X) = 6.
The first equality implies that I(1) and I(X) have 2 common simple objects; the second and the third equalities imply that the multiplicities of B and C in I(X) are 1. So we may write I(X) = B ⊕ C ⊕ W for some objects W . The last equality implies we have two possibilities: So we can write
where E 1 , E 2 , E 3 , E 4 are non-isomorphic simple objects of Z(C).
This implies that F (E) = 2Y ⊕ Z, and hence FPdim(E) = 
This implies that θ E = 0, which is a contradiction since θ D is a root of unity. Therefore, So we know that the decomposition of I(Y ) and I(Z) have two simple objects in common, say E 1 and E 2 , hence we can write
where G 1 , G 2 , G 3 , G 4 are non-isomorphic simple objects of Z(C).
In both cases, we have dim Hom(E i , I(Z)) = dim Hom(F (E i ), Z) = 1 for i = 1, 2. Together with equation (4.1), we have
This implies that F (G) = 2Z, and hence FPdim(G) = 1 + √ 5. By [19, Theorem 2.5], we have
This implies that
Taking the absolute value of both sides, we get |θ G | < 1 2 · |θ E1 + θ E2 | < 1, which is a contradiction since θ G is a root of unity. Therefore,
This implies that F (G i ) = Z, and hence FPdim(
(2) This part follows from the fact
Proposition 4.2 There do not exist rank 4 spherical self-dual fusion categories C with K(C) = K 12 . That is, the fusion ring K 12 is not categorifiable.
Proof Let C be a spherical self-dual fusion category of rank 4. Assume that K(C) = K 12 . We will follow the line of proof of Proposition 4.1 to find a contradiction. As in Theorem 3.3, we write K(C) = {1, X, Y, Z}. The object I(1) can be decomposed as follows:
where A 1 , A 2 , A 3 are non-isomorphic simple objects in Z(C). 
Because θ V is a root of unity for any simple object V in Z(C), we have θ A1 = θ A2 = θ A3 = 1. By [9, Proposition 5.4], we have So we may write
where D 1 , D 2 are non-isomorphic simple objects of Z(C). Hence we have This implies that θ D1 + θ D2 = −10, which is a contradiction since θ D1 and θ D2 are roots of unity. This proves the proposition. This proves the corollary.
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